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We extend the recent work by Finelli and Brandenberger [1] and study the possibilities of
parametric amplication of the gravitational perturbation in models of a massless and a massive
inflatons with self-coupled interactions. Our results show that there is no additional growth of the
super-horizon modes during reheating beyond the usual predictions.
As was realized in [2] that parametric resonance instability occurs during reheating period when the inflaton eld φ
oscillates. Since gravitational perturbation is coupled to the inflaton by the Einstein equation, it may also experience
parametric resonance amplication during this stage. This issue has been studied in Refs [3] and [4], and recently
examined in a systematic way by Finelli and Brandenberger [1].
The gravitational potential  can be calculated by solving the linearized Einstein equation, however, in the case
of the adiabatic perturbation with scales far outside the Hubble radius (the wavenumber k ! 0), it is convenient to
work with Bardeen parameter,
ζ  2
3
 + H−1 _
1 + w
+  . (1)
In Eq.(1) the dot denotes the derivative with respective to time, H is the Hubble expansion rate and w = p/ρ is the
ratio of the pressure to the density of the background. In the limit of k ! 0, the Bardeen parameter satises [5,6]
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2
(1 + w)H _ζ = 0 . (2)
During the stage of reheating, Eq. (2) becomes [6]:
_φ2 _ζ = 0 . (3)
Recently Finelli and Brandenberger [1] pointed out that when the inflaton eld oscilates, _φ = 0 occurs periodically,
so it is possible to have _ζ 6= 0. If it happens, the cosmological perturbation will undergo parametric amplication
without violating causality. Specically, they have considered a inflaton model with potential V (φ) = m2φ2/2 and
solved it numerically, however, they found that ζ is constant in time [1].
In this paper, we extend their work and consider two alternative models of inflaton: i) V (φ) = λφ4/4 where λ is a
self interaction coupling constant of the inflaton eld; ii) V (φ) = m2φ2/2 + λφ4/4. We rstly solve the equations of
motion of the Bardeen parameter numerically. Our results show that ζ is still constant in time for these two models.
Secondly we present an analytical argument to support our numerical results.
Working with the longitudinal gauge, the perturbed metric can be expressed in terms of the gravitational potential

ds2 = (1 + 2)dt2 − a2(t)(1 − 2)dxidxi , (4)
where a(t) is the scale factor. The perturbed Einstein equation gives [1],
¨ + 3H _ +
[k2
a2
+ 2( _H + H2)
]
 = κ2(φ¨ + H _φ)δφ (5)
δ¨φ + 3H _δφ + (
k2
a2
+ V 00)δφ = 4 _ _φ− 2V 0 (6)
_ + H =
1
2
κ2 _φδφ , (7)
where κ2 = 8piG, δφ is the perturbation to the inflaton eld φ, and a prime denotes the derivative with respect to φ.
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Inserting (7) into (5) we obtain the equation of motion for ,




+ 2 _H − 2H φ¨_φ) = 0 . (8)
To eliminate the singularities in the equation above when the inflaton eld φ oscillates, one can make use of Sasaki-
Mukhanov variable




then Eq.(8) can be re-written as [3]











Q = 0 . (10)





We consider rst a model with V (φ) = λφ4/4 and numerically solve Eqs.(10) and (11) for the evolution of Q
and ζ during the period of reheating. Note that Eqs.(2) and (3) hold only for the adiabatic perturbation with the
wavenumber k ! 0. We take k = 0 for simplicity in our numerical calculation. Our results are presented in Fig.1,
from which one can see that Q does not change over a period of time and ζ remains constant.
The second model we consider is a massive inflaton with self-coupled interaction1, V (φ) = m2φ2/2+λφ4/4. In this
model two parameters are introduced. One is the inflaton mass, m, another is the self interaction coupling constant
λ. We take m−1 to be the units of the time and leave λ/m2 as a free parameter. In our numerical calculation we
choose λ/m2 = 1 10−3, 1, 1 103, where m is normalized by the Planck mass mpl. In Fig.2, we present our results.
One can see that ζ does not change during the zero crossing of _φ in the reheating stage.
In summary, we have extended the work of Ref.[1] and examined in detail the possibility of parametric amplication
of gravitational perturbation during reheating. We found no additional growth of superhorizon modes beyond the
usual prediction for models of a massless and a massive inflatons with self interaction. Before concluding, we present
an analytical arguments to support our numerical results. We start with the equation of motion for the inflaton eld
φ
φ¨ + 3H _φ + V 0 = 0 . (12)
Dierentiating (12) with respect to α  ln a (note that _α = H), we get
H−1(φ) + 3φ¨ + (V 00 + 3 _H)H−1 _φ = 0 , (13)
where ( )  d3dt3 .
Since _H = −κ2 _φ2/2 [6], and H¨ = −κ2 _φφ¨ , we have the following relation
2H−2 _Hφ¨−H−2H¨ _φ = 0 . (14)
























ζ with respect to time t, we have

















































ζ = 0 . (18)
Clearly the solution of Eq.(18) is that _ζ = 0 when _φ = 0 (note that φ¨ 6= 0 at the time when _φ = 0).
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Figure Captions
Fig.1 Evolution of Q and ζ as a function of time in the model V (φ) = λφ4/4. The initial condition is chosen as Q = −1






Fig.2 Evolution of Q and ζ as a function of time for a massive inflaton V (φ) = m2φ2/2 + λφ4/4. (a), (b), and (c)
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